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P = C = K = {0, 1, 2, . . . , 25} = Z26.
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en : Z26 → Z26, en(x) = (x + n) mod 26,

dn : Z26 → Z26, dn(y) = (y − n) mod 26.
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P = C = Z26,

K = {(a, b) ∈ Z26 × Z26 : nzd (a, 26) = 1} .
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{0, 1, . . . , 17} ����� 
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 �
 �� 6���� 
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 �
 a = 10�
 =
� b = 13 

%
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� �� �� �� ��� �
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��� 6���� �� 
 ��� =
�� ���� ���x = 210 mod 19 =
17�
 =
� 6���� �� 
 ��� y = 213 mod 19 = 3 

��� 6���� �
 ����
 ya = 310 mod 19 = 16� 
 =
�
xb = 1713 mod 19 = 16 
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 ��G = (g) ��������
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 ���
 n 

��� 6���� 
�
 ���� ��
�a ∈ {0, 1, . . . , n− 1}�
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�
 ������
�b ∈ {0, 1, . . . , n−1} 

��� 6���� �� 
 ��� =
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 ��� y = gb 
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 ���� ���ya�
 =
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 ����������
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K = ya = (gb)a = gab = (ga)b = xb.
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4 g �� � ��� �������������� �	 
� p � �� �� gp−1 �� �� � ��� � �������� �� ��� �� gp−1 ≡ 1 (mod p)7
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� � �����
 ���

� 
��#��
�������� ���
 ��
 � ��
 ��
� 	��� ��� ��
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��� ϕ : N → N����� �� ϕ(n) ����
 � ��
��
���� ��
 �
 � ��� 
 {1, . . . , n} �
���� ���
 ��	�
 � �
� ��
� n 8 
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 �� � 
��� �� �
 �
	����
 �� ϕ(p) = p − 1
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 ��� �
� ����
�p 7 
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 ��� �
 ��
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ϕ(mn) = ϕ(m)ϕ(n),

�
 � 	� ���
 ��	�
 � �
� �� ��
��	�m, n ∈ N 3
 ���
 #��

�
 � ������	����
 ,������� �������B 0
 ���
 ��	�


� �
� �� ��
��	� a, n ∈ N ��

aϕ(n) ≡ 1 (mod n),
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 aϕ(n) � ������������ ��
��� n �
 �� 
� �
 �
 �
) 
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7��
 �� n = pq����� �� p �q �
 ��������� �
� ��
��
��	� 

P = C = Zn,

K = {(n, p, q, d, e) :

de ≡ 1 (mod ϕ(n)), 1 < d, e < ϕ(n)},
� ������ � �� (n, e) �
��� �������
 (p, q, d) 

���

������ 

0
 K ∈ K -������� ���-���
 ��
 ������-���
 ��
 � �

eK(x) = xe mod n, dK(y) = yd mod n,

x, y ∈ P.

$
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dK(eK(x)) = x.

0
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 �� nzd (x, n) = 1��
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� "����
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dK(eK(x)) = (xe)d = xed = xkϕ(n)+1

= xkϕ(n) · x ≡ x (mod n),
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 �� dK(eK(x))�x ∈ Zn������������
 �
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��� �� � 
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������� - +($ ������
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p = 7, q = 13, n = pq = 91.

0�
� � ����� ���
 ��	�
���-������� ϕ 	������

ϕ(n) = ϕ(p)ϕ(q) = (p − 1)(q − 1) = 72.
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5d ≡ 1 (mod 72).

�
��	
 � 
 �
 �� d = 29 +8 ���
 ��� �
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(n, e) = (91, 5) (p, q, d) = (7, 13, 29)

8 � �
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x = 429 mod 91 = 23.
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� � ������ +�
��

;� �
���< � 
 � 
 � �����
 �� �������� � ���
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 �� ���-���
 ��� �
� 
� 
#�� 
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K = (n, p, q, d, e) = (91, 7, 13, 29, 5).
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 (7, 13, 5)
���-���
 x = 50 ��
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y = 505 mod 91 = 85.
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x = 8529 mod 91 = 50.
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y1y2 mod n, ���� ����� � �
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�
 ���-�
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y1y2 ≡ xe
1xe

2 = (x1x2)e (mod n).
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��� �
 ���� tA �� �
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 ���� ��� �
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�
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 �B

y = tA(jB(x)) = tA ◦ jB(x).
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tB(jA(y)) = tB(jA(tA(jB(x)))) = tB(jA ◦ tA︸ ︷︷ ︸
=id

(jB(x)))

= tB ◦ jB︸ ︷︷ ︸
=id

(x) = x.
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(n, p, q) = (91, 7, 13).
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tK(x) = xeK mod n, jK(x) = xdK mod n, x ∈ Zn.
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 	���
 �
 � =
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��� n = 91
��� � 
���� eA = 5 dA = 29�dB = 31 eB = 7

� 
���
 x = 50
���-���
 ��� (5031)5 mod 91 = 71
���-�
 � y = 71
�����-���
 ��� (7129)7 mod 91 = 50

� 
���
 x = 50
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 � =
�
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��� n = 91
��� � 
���� eA = 5 dA = 29�dB = 31 eB = 7

� 
���
 x = 50
���-���
 ��� 505 mod 91 = 85

5031 mod 91 = 15
���-�
 � (y1, y2) = (85, 15)
�����-���
 ���A 8529 mod 91 = 50
	�����
 ���
 157 mod 91 = 50

� 
���
 x = 50
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���
 (S,D,K,F ,V) �
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�� S �� ���
�	
� ���� ���� �����	�� ������


 ��
�

���


�� D �� ���
�	
� ���� ���� �����	�� ������


 ���

��

���� ��
���


�� K �� ���
�	
� ���� ���� �����	�� �����	��


"� F �� ���� ���� !���	��
 ��
�����
��
" 
 V ����

���� !���	��
 ������
	��� 

���� �
 �
 ��
�� �����	

K ∈ K ���
��� !���	��
 ��
�����
��
 sig K :
S → D � F � �����
�
���	
 !���	��
 ������
	���

ver K : S × D → {0, 1} �� V �
 ���� ��

ver K(x, y) =
{

1, 
�� y = sig K(x)
0, 
�� y �= sig K(x) .

��� �� ver K(x, y) = 1" ��
��� �� �
��
�" 
 � ����

��
���" 
�� �� ver K(x, y) = 1 ver K(x, y) = 0"
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